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Introduction

As is well-known that semi-lattices are always present in the
study of algebras related to fuzzy logics. Recall that a partially
ordered set (§,<) in which any pair of elements x and y of §
has an infimum x A y is called a semi-lattice, thus a semi-
lattice can be regarded as the generalization of a lattice [1]. It is
easily seen that the definition of semi-lattice is equivalent to
the conditions hold in (§,<): (xAy)Az=xA(yAZ),x Ay =

y Ax and x A x = x for any x, Y, zeS, so semi-lattices can also be
seen as the commutative semigroups of idempotents and often
appear in the pure algebraic investigation. Implicative semi-
lattices which is an important subclass of semi-lattices were
studied by Nemitz in [2]. Subsequently, weak implicative
semi-lattices were introduced and the congruences on a weak
implicative semi-lattice were characterized in [3].

On the other hand, Chajda introduced the notion of g-lattices
as a generalization of lattices in 1993 [4]. Moreover, the ideals
and filters of a g-lattice have been discussed in [5]. In order to
establish more relationship between fuzzy logics and
quantum computational logics, we want to introduce
implicative quasi-semi-lattices as a generalization of
implicative semi-lattices similarly as g-lattices generalized
lattices in this paper.

Implicative quasi-semi-lattices

» Implicative quasi-semi-lattices

A quasi-semi-lattice with top is a system (L, A, 1) in which L is a
non-empty set, A is a binary relation in L such that for any

X, V,zeL, x Ny =y Ax, x N(yAz)=(xAy)Azand x A

(y Ay) = x Ay and 1 is an element of L such that for any xeL,
xANl=xAxand1A1=1.

Let (L, A, 1) be a quasi-semi-lattice with top. For x, yeL, if there
exists the largest regular element z such that z A x < y, then z
is called the residual of x relative to y and denoted by x — y. It
for any x, yeL, x - y always exists, then (L, A, 1) is called an

implicative quasi-semi-lattice and usually denoted by (L, A, -, 1).

Here are some propositions about an implicative quasi-semi-
lattice (L, A, =, 1) for any x, y, zeL:
()xAy<zifandonlyifx <y - z;
)y =x-y;
B)x—>x=1landxAx =1 - x;
DIlftx <y theny-z<x->zandz-x<z-y;
b)x <yifandonlyifx -y = 1;
6)x=>IANY—-2z)<x->2
x>y -2 =(xAy) -2z
@) x—=>WAz)=(x->y)A (X~ 2);
DxA(x—>y)=xAYy.

Filters and filter congruences

> Filters

Let (L, A, =, 1) be an implicative quasi-semi-lattice. A non-
empty subset F of L is called a filter of (L, A, —, 1), if the
following conditions are satistied:

(F1) If x, yeF, then x A yeF;
(F2) If xeF and yeL with x < y, then yeF.

» Filter congruences
Let (L, A, =, 1) be an implicative quasi-semi-lattice and 8 be a
binary relation on (L, A, =, 1). Then 0 is called a congruence on
(L, A, =, 1), if the following conditions are satistied:

(1) 6 is an equivalence relation;

RQlf<x,y>efand <a,b>€l,then<xAa,yAb > €b;

Blft<x,y>efBand<a,b>e€bl,then<x —>a,y— b > €f.
For any x,yeL, it < x Ax,y Ay > €8 implies < x,y > €0, then 6
is called a filter congruence on (L, A, =, 1).

» The relation between filters and filter congruences

1. Let (L, A, =, 1) be an implicative quasi-semi-lattice and F
be a filter of (L, A, =, 1). Define a binary relation 65 by
<x,y>0pitandonlyif x A f =y A f for some feF. Then
Or is a filter congruence on (L, A, —, 1).

Let (L, A, =, 1) be an implicative quasi-semi-lattice and 8 be
a filter congruence on (L, A, =, 1). Then Fy = 1/6 is a filter
of (L, A, =, 1).

Let (L, A, =, 1) be an implicative quasi-semi-lattice, F be a
filter of (L, A, —, 1) and 8 be a filter congruence on (L, A, -,
1). Then F = Fg, and 6 = 0p,,.

Denote F (L) the set of all filters of (L, A, =, 1) and Con(L)
the set of all filter congruences on (L, A, =, 1). Then F(L)
and Con(L) are one-to-one.

2. Let (L, A, =, 1) be an implicative quasi-semi-lattice and 4, B
be two sets of (L, A, =, 1). Then the set formed by the
common elements of set A and set B is called the
intersection of set A and set B, denoted by A N B.

Let (L, A, =, 1) be an implicative quasi-semi-lattice. If F;, F,
are two filters of (L, A, =, 1) and 64, 8, are two filter
congruences on (L, A, =, 1), define F; VF, = [F; UF,) and
0,v0O,=1[6,U8,), then (F(L), n,V)and (Con(L), N, V) are
lattices. Moreover, there exists an isomorphism between
(F(L), n, V) and (Con(L), N, V).
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