
Carlos A. Vega-Posada*; Jeisson Alejandro Higuita-Villa; Julio C. Saldarriaga-Molina.

Dept. of Civil and Env. Eng., School of Engineering, Univ. de Antioquia, Calle 67 # 53-108. A. A. 1226 Medellín,

Colombia. *Corresponding author: carlosa.vega@udea.edu.co

Stability and Second-Order Lateral Stiffness of Embedded Piles with 
Generalized End-Boundary Conditions on Non-Homogeneous Soil

MS1611MSAM 2021
August 16-19, 2021
Online Conference

Introduction: A new, simplified analytical method to conduct elastic stability and second-order lateral stiffness analysis of piles with
generalized end-boundary conditions on non-homogeneous elastic soil is derived in a classical manner and presented in detail. The
influence of the modulus of subgrade reaction, degrees of non-homogeneity, and intermediate end-boundary conditions on the pile
response are investigated via a parametric study. The proposed solution can be employed to perform either lateral deformation or elastic
buckling analysis.

Structural Model: The pile is connected to ends A and B by semi-
rigid connections and linear transverse springs with stiffness ka
and Sa , and kb and Sb, respectively. The pile has a stiffness EI,
Length L, and is embedded in a two-parameter elastic soil. The
modulus of subgrade reaction ks varies in a linear fashion
following the expression 𝑘𝑠 𝑥 = 𝑘𝑜+cx.

Solution: The Differential Transformation Method (DTM) was used to find the solution to the GDE. This complex problem is reduced to
solve a polynomial function, where the coefficients of the series are found from a recursive equation obtained from the GDE.

Boundary Conditions:

Governing Differential Equation (GDE):

Parametric Analysis

Variation in critical load for a free-free pile. F=0 (triangular linear distribution of ks
and F=1 (uniform distribution of ks)

Variation of SD with Rwhen (a) F=0 and (b) F=1

Effects of a (a) rotational and (b) translational restraint at the pile head on the critical load 
for a pile free at the bottom and embedded in a soil with F=0. 

Critical load for a pile in a soil with (a) F=0 and (b) F=1 and various end-boundary 
conditions. 

Conclusions: A new, analytical approach to investigate the effect of generalized end-boundary conditions (r and S) and soil non-homogeneity
(F) on the pile’s critical load (Pcrit) and second-order lateral stiffness (SD) was developed. The well-known DTM Method was implemented to
find the solution to the GDE in a compact and easy manner. Finding the solution to this GDE using conventional approaches is a very complex
and cumbersome task. The results from the proposed model were validated against results from already available, but more limited in scope,
analytical approaches. The agreement was excellent.


